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Overview (Part II)

§ An Application Scenario: Flexible Music Tracking

§ Automatic Music Transcription

§ Task Description

§ Recent Developments

§ Fingerprinting

§ The “Shazam” Algorithm

§ Generalized Fingerprinting

§ Flexible Music Tracking Re-visited



MUSIC TRACKING
Application Scenario



What is Music Tracking (Score Following)?

You are here!

Music
Tracking 
Algorithm



Why is Music Tracking Difficult?

§ Tempo curves extracted from 5 different 
performances of Rachmaninoff’s Prelude 
Op. 23 No. 5
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[Arzt, Widmer: SMC 2010]



Music Tracking System

Live 
Performance

Output: Score Position

Musical 
Score

On-line Music Tracker

Tempo Model



Demo: An Automatic Page Turner

[Arzt, Widmer, Dixon: ECAI 2008]



Demo: Music Tracking in the Concertgebouw

[Arzt, Frostel, Gadermaier, Gasser, Grachten, Widmer: IJCAI 2015]



Flexible Music Tracking?

You are here!

Music
Tracking 
Algorithm
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Fast Music Retrieval Based on Short Excerpts
§ Matching in the Audio Domain:

– long queries needed (15-20 seconds)
– computationally costly

§ Matching in the Symbolic Domain:
– more compact, reduced to the essential information
– fast algorithms

§ How to transfer data to the symbolic domain?
§ How to perform fast lookup?



Retrieval via Automatic Music Transcription 
and Fingerprinting
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Output: Rachmaninoff Prelude Op.23 No. 5



AUTOMATIC MUSIC 
TRANSCRIPTION



Automatic Music Transcription

Music 
Transcription 

Algorithm

Task
§ Given: Audio Recording of a Piece of Music
§ Goal: Create Sheet Music (or some symbolic representation) of the 

recording



Automatic Music Transcription
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recording



Automatic Music Transcription



Automatic Music Transcription



Automatic Music Transcription



Automatic Music Transcription:
Key Challenges
§ Polyphonic music is a mixture of multiple simultaneous 

sources with different pitch, loudness and timbre. Inferring 
musical attributes (e.g., pitch) from the mixture signal is an 
under-determined problem.

§ The harmonics of overlapping sound events often overlap in 
frequency, making the separation of the voices even more 
difficult.

§ Timing of musical voices is governed by the regular metrical 
structure of the music. This violates the assumption of 
statistical independence between sources.

§ Annotation of ground-truth transcriptions for polyphonic music 
is very time consuming and requires high expertise.

after [Benetos, Dixon, Duan, Ewert: IEEE SPM, 2019]



Automatic Music Transcription: Non-
negative Matrix Factorization
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adapted from
[Benetos, Dixon, Duan, 
Ewert: IEEE SPM, 2019]



Automatic Music Transcription: Neural 
Networks 

2 parallel STFT

Input
Layer

Output
Layer

Recurrent Neural Network

Hidden
Layer

Hidden
Layer

Hidden
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[Böck, Schedl: ICASSP 2012]



Automatic Music Transcription: Neural 
Networks 
§ Needed: Annotated Training Data
§ (Large enough) Datasets for General Music 

Transcription are virtually non-existent
§ Exception: Piano Music Transcription

– MAPS Dataset [Emiya, Bertin, David, Badeau: TR 
2012]

– MAESTRO Dataset [Hawthorne, Stasyuk, Roberts, 
Simon, Huang, Dieleman, Elsen, Engel, Eck: CoRR
2018]



Automatic Music Transcription: Neural 
Network Architectures

[Böck, Schedl: ICASSP 2012]
Preprocessed Spectrogram

Bi-directional LSTM

Bi-directional LSTM

Bi-directional LSTM

Framewise Predictions

Fully Connected Sigmoid



Preprocessed Spectrogram

Convolutional Stack

Bi-directional LSTM

Fully Connected Sigmoid

Onset Predictions

Convolutional Stack

Bi-directional LSTM

Fully Connected Sigmoid

Framewise Predictions

Automatic Music Transcription: Neural 
Network Architectures

[Hawthorne, Elsen, Song, Roberts, Simon, Raffel, Engel, Oore, Eck: ISMIR 2018] 



Automatic Music Transcription: Neural 
Network Architectures

Preprocessed Spectrogram

Convolutional Layer

Fully Connected Sigmoid

Onset Predictions

Convolutional Stack

Convolutional Layer

Fully Connected Sigmoid

Framewise Predictions

Convolutional Layer

Fully Connected Sigmoid

Offset Predictions

[Kelz, Böck: ICASSP 2019]



Automatic Music Transcription: Examples

Original Audio Re-synthesized Transcription

Examples produced using the algorithm presented in [Hawthorne, Elsen, Song, Roberts, Simon, Raffel, Engel, 
Oore, Eck: ISMIR 2018] (https://magenta.tensorflow.org/onsets-frames)



Automatic Music Transcription: Examples

Yefim Bronfman playing the Cadenza from Rachmaninov's Piano Concerto No. 3 
[https://www.youtube.com/watch?v=yh4_63ugeho]



FINGERPRINTING



Audio Fingerprinting
Task
§ Given: Short Excerpt of Audio Recording of a Piece of 

Music
§ Goal: Find Corresponding Instance in Database of Pieces 

(Audio Recordings) of Music

Idea
§ Describe Sequences via so-called “Fingerprints”

– local, translation-invariant, robust, compact and discriminative 
features

§ Common Approach: Use a “Constellation Map” as basis 
for the Fingerprinting Algorithm à “Landmark-based 
Fingerprinting”



Constellation Map from Peaks in the Audio
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The “Shazam” Algorithm: Basic Idea
§ For all Items in the Database

– compute constellation map (Shazam: spectral peaks)
– create local pairs from points in the constellation map
– describe the pairs in a compact fashion (via hashes)
– store them in a fast database (hash table)

§ For the Query
– compute constellation map (Shazam: spectral peaks)
– create local pairs from points in the constellation map
– describe the pairs in the same compact fashion (hashes)
– query the database for matching pairs
– find consecutive sequences of matching pairs
– return item which contains the best matching sequence of pairs

[Wang: ISMIR 2003]



The “Shazam” Algorithm
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The “Shazam” Algorithm
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The “Shazam” Algorithm

(time1, pitch1)
<latexit sha1_base64="qSmiorPkzCCD3lNrryRMBJ3UrqU=">AAACC3icbVBNS8NAEN34WetX1KOX0CJUkJJIQY8FLx4r2A9oS9hsp+3S3STsTsQSevfiX/HiQRGv/gFv/hu3bQRtfTDw9r0ZduYFseAaXffLWlldW9/YzG3lt3d29/btg8OGjhLFoM4iEalWQDUIHkIdOQpoxQqoDAQ0g9HV1G/egdI8Cm9xHENX0kHI+5xRNJJvF0odhHtUMkUuYeJ7Zz/vmCMbGuHUt4tu2Z3BWSZeRookQ823Pzu9iCUSQmSCat323Bi7KVXImYBJvpNoiCkb0QG0DQ2pBN1NZ7dMnBOj9Jx+pEyF6MzU3xMplVqPZWA6JcWhXvSm4n9eO8H+ZTflYZwghGz+UT8RDkbONBinxxUwFGNDKFPc7OqwIVWUoYkvb0LwFk9eJo3zsueWvZtKsVrJ4siRY1IgJeKRC1Il16RG6oSRB/JEXsir9Wg9W2/W+7x1xcpmjsgfWB/ff7KbRQ==</latexit><latexit sha1_base64="qSmiorPkzCCD3lNrryRMBJ3UrqU=">AAACC3icbVBNS8NAEN34WetX1KOX0CJUkJJIQY8FLx4r2A9oS9hsp+3S3STsTsQSevfiX/HiQRGv/gFv/hu3bQRtfTDw9r0ZduYFseAaXffLWlldW9/YzG3lt3d29/btg8OGjhLFoM4iEalWQDUIHkIdOQpoxQqoDAQ0g9HV1G/egdI8Cm9xHENX0kHI+5xRNJJvF0odhHtUMkUuYeJ7Zz/vmCMbGuHUt4tu2Z3BWSZeRookQ823Pzu9iCUSQmSCat323Bi7KVXImYBJvpNoiCkb0QG0DQ2pBN1NZ7dMnBOj9Jx+pEyF6MzU3xMplVqPZWA6JcWhXvSm4n9eO8H+ZTflYZwghGz+UT8RDkbONBinxxUwFGNDKFPc7OqwIVWUoYkvb0LwFk9eJo3zsueWvZtKsVrJ4siRY1IgJeKRC1Il16RG6oSRB/JEXsir9Wg9W2/W+7x1xcpmjsgfWB/ff7KbRQ==</latexit><latexit sha1_base64="qSmiorPkzCCD3lNrryRMBJ3UrqU=">AAACC3icbVBNS8NAEN34WetX1KOX0CJUkJJIQY8FLx4r2A9oS9hsp+3S3STsTsQSevfiX/HiQRGv/gFv/hu3bQRtfTDw9r0ZduYFseAaXffLWlldW9/YzG3lt3d29/btg8OGjhLFoM4iEalWQDUIHkIdOQpoxQqoDAQ0g9HV1G/egdI8Cm9xHENX0kHI+5xRNJJvF0odhHtUMkUuYeJ7Zz/vmCMbGuHUt4tu2Z3BWSZeRookQ823Pzu9iCUSQmSCat323Bi7KVXImYBJvpNoiCkb0QG0DQ2pBN1NZ7dMnBOj9Jx+pEyF6MzU3xMplVqPZWA6JcWhXvSm4n9eO8H+ZTflYZwghGz+UT8RDkbONBinxxUwFGNDKFPc7OqwIVWUoYkvb0LwFk9eJo3zsueWvZtKsVrJ4siRY1IgJeKRC1Il16RG6oSRB/JEXsir9Wg9W2/W+7x1xcpmjsgfWB/ff7KbRQ==</latexit><latexit sha1_base64="qSmiorPkzCCD3lNrryRMBJ3UrqU=">AAACC3icbVBNS8NAEN34WetX1KOX0CJUkJJIQY8FLx4r2A9oS9hsp+3S3STsTsQSevfiX/HiQRGv/gFv/hu3bQRtfTDw9r0ZduYFseAaXffLWlldW9/YzG3lt3d29/btg8OGjhLFoM4iEalWQDUIHkIdOQpoxQqoDAQ0g9HV1G/egdI8Cm9xHENX0kHI+5xRNJJvF0odhHtUMkUuYeJ7Zz/vmCMbGuHUt4tu2Z3BWSZeRookQ823Pzu9iCUSQmSCat323Bi7KVXImYBJvpNoiCkb0QG0DQ2pBN1NZ7dMnBOj9Jx+pEyF6MzU3xMplVqPZWA6JcWhXvSm4n9eO8H+ZTflYZwghGz+UT8RDkbONBinxxUwFGNDKFPc7OqwIVWUoYkvb0LwFk9eJo3zsueWvZtKsVrJ4siRY1IgJeKRC1Il16RG6oSRB/JEXsir9Wg9W2/W+7x1xcpmjsgfWB/ff7KbRQ==</latexit>

(time2, pitch2)
<latexit sha1_base64="U74e3NU8m4dKoxabkPTDp6SZ1z4=">AAACC3icbVDLSgNBEJyNrxhfUY9elgQhgoTdENBjwIvHCOYBSVhmJ73JkJndZaZXDEvuXvwVLx4U8eoPePNvnDwETSxoqKnqZrrLjwXX6DhfVmZtfWNzK7ud29nd2z/IHx41dZQoBg0WiUi1fapB8BAayFFAO1ZApS+g5Y+upn7rDpTmUXiL4xh6kg5CHnBG0UhevlDqItyjkilyCROvcv7zjjmyoRHOvHzRKTsz2KvEXZAiWaDu5T+7/YglEkJkgmrdcZ0YeylVyJmASa6baIgpG9EBdAwNqQTdS2e3TOxTo/TtIFKmQrRn6u+JlEqtx9I3nZLiUC97U/E/r5NgcNlLeRgnCCGbfxQkwsbIngZj97kChmJsCGWKm11tNqSKMjTx5UwI7vLJq6RZKbtO2b2pFmvVRRxZckIKpERcckFq5JrUSYMw8kCeyAt5tR6tZ+vNep+3ZqzFzDH5A+vjG4LNm0c=</latexit><latexit sha1_base64="U74e3NU8m4dKoxabkPTDp6SZ1z4=">AAACC3icbVDLSgNBEJyNrxhfUY9elgQhgoTdENBjwIvHCOYBSVhmJ73JkJndZaZXDEvuXvwVLx4U8eoPePNvnDwETSxoqKnqZrrLjwXX6DhfVmZtfWNzK7ud29nd2z/IHx41dZQoBg0WiUi1fapB8BAayFFAO1ZApS+g5Y+upn7rDpTmUXiL4xh6kg5CHnBG0UhevlDqItyjkilyCROvcv7zjjmyoRHOvHzRKTsz2KvEXZAiWaDu5T+7/YglEkJkgmrdcZ0YeylVyJmASa6baIgpG9EBdAwNqQTdS2e3TOxTo/TtIFKmQrRn6u+JlEqtx9I3nZLiUC97U/E/r5NgcNlLeRgnCCGbfxQkwsbIngZj97kChmJsCGWKm11tNqSKMjTx5UwI7vLJq6RZKbtO2b2pFmvVRRxZckIKpERcckFq5JrUSYMw8kCeyAt5tR6tZ+vNep+3ZqzFzDH5A+vjG4LNm0c=</latexit><latexit sha1_base64="U74e3NU8m4dKoxabkPTDp6SZ1z4=">AAACC3icbVDLSgNBEJyNrxhfUY9elgQhgoTdENBjwIvHCOYBSVhmJ73JkJndZaZXDEvuXvwVLx4U8eoPePNvnDwETSxoqKnqZrrLjwXX6DhfVmZtfWNzK7ud29nd2z/IHx41dZQoBg0WiUi1fapB8BAayFFAO1ZApS+g5Y+upn7rDpTmUXiL4xh6kg5CHnBG0UhevlDqItyjkilyCROvcv7zjjmyoRHOvHzRKTsz2KvEXZAiWaDu5T+7/YglEkJkgmrdcZ0YeylVyJmASa6baIgpG9EBdAwNqQTdS2e3TOxTo/TtIFKmQrRn6u+JlEqtx9I3nZLiUC97U/E/r5NgcNlLeRgnCCGbfxQkwsbIngZj97kChmJsCGWKm11tNqSKMjTx5UwI7vLJq6RZKbtO2b2pFmvVRRxZckIKpERcckFq5JrUSYMw8kCeyAt5tR6tZ+vNep+3ZqzFzDH5A+vjG4LNm0c=</latexit><latexit sha1_base64="U74e3NU8m4dKoxabkPTDp6SZ1z4=">AAACC3icbVDLSgNBEJyNrxhfUY9elgQhgoTdENBjwIvHCOYBSVhmJ73JkJndZaZXDEvuXvwVLx4U8eoPePNvnDwETSxoqKnqZrrLjwXX6DhfVmZtfWNzK7ud29nd2z/IHx41dZQoBg0WiUi1fapB8BAayFFAO1ZApS+g5Y+upn7rDpTmUXiL4xh6kg5CHnBG0UhevlDqItyjkilyCROvcv7zjjmyoRHOvHzRKTsz2KvEXZAiWaDu5T+7/YglEkJkgmrdcZ0YeylVyJmASa6baIgpG9EBdAwNqQTdS2e3TOxTo/TtIFKmQrRn6u+JlEqtx9I3nZLiUC97U/E/r5NgcNlLeRgnCCGbfxQkwsbIngZj97kChmJsCGWKm11tNqSKMjTx5UwI7vLJq6RZKbtO2b2pFmvVRRxZckIKpERcckFq5JrUSYMw8kCeyAt5tR6tZ+vNep+3ZqzFzDH5A+vjG4LNm0c=</latexit>

�time = time2 � time1
<latexit sha1_base64="YVyG285cgNjwgRK17z/foXA3S2E=">AAACIXicbVDLSgNBEJyNrxhfUY9eBoPgxbAbAuYiBPTgMYJ5QBLC7KSTDJnZXWZ6xbDkV7z4K148KJKb+DNOHgeTWNBQU9XNdJcfSWHQdb+d1Mbm1vZOejezt39weJQ9PqmZMNYcqjyUoW74zIAUAVRRoIRGpIEpX0LdH95O/foTaCPC4BFHEbQV6weiJzhDK3WypdYdSGS0hfCMWiUoFIzpzfK7U6BXK4rXyebcvDsDXSfeguTIApVOdtLqhjxWECCXzJim50bYTphGwSWMM63YQMT4kPWhaWnAFJh2MrtwTC+s0qW9UNsKkM7UvxMJU8aMlG87FcOBWfWm4n9eM8ZeqZ2IIIoRAj7/qBdLiiGdxkW7QgNHObKEcS3srpQPmGYcbagZG4K3evI6qRXynpv3Hoq5cnERR5qckXNySTxyTcrknlRIlXDyQt7IB/l0Xp1358uZzFtTzmLmlCzB+fkFXi6kMw==</latexit><latexit sha1_base64="YVyG285cgNjwgRK17z/foXA3S2E=">AAACIXicbVDLSgNBEJyNrxhfUY9eBoPgxbAbAuYiBPTgMYJ5QBLC7KSTDJnZXWZ6xbDkV7z4K148KJKb+DNOHgeTWNBQU9XNdJcfSWHQdb+d1Mbm1vZOejezt39weJQ9PqmZMNYcqjyUoW74zIAUAVRRoIRGpIEpX0LdH95O/foTaCPC4BFHEbQV6weiJzhDK3WypdYdSGS0hfCMWiUoFIzpzfK7U6BXK4rXyebcvDsDXSfeguTIApVOdtLqhjxWECCXzJim50bYTphGwSWMM63YQMT4kPWhaWnAFJh2MrtwTC+s0qW9UNsKkM7UvxMJU8aMlG87FcOBWfWm4n9eM8ZeqZ2IIIoRAj7/qBdLiiGdxkW7QgNHObKEcS3srpQPmGYcbagZG4K3evI6qRXynpv3Hoq5cnERR5qckXNySTxyTcrknlRIlXDyQt7IB/l0Xp1358uZzFtTzmLmlCzB+fkFXi6kMw==</latexit><latexit sha1_base64="YVyG285cgNjwgRK17z/foXA3S2E=">AAACIXicbVDLSgNBEJyNrxhfUY9eBoPgxbAbAuYiBPTgMYJ5QBLC7KSTDJnZXWZ6xbDkV7z4K148KJKb+DNOHgeTWNBQU9XNdJcfSWHQdb+d1Mbm1vZOejezt39weJQ9PqmZMNYcqjyUoW74zIAUAVRRoIRGpIEpX0LdH95O/foTaCPC4BFHEbQV6weiJzhDK3WypdYdSGS0hfCMWiUoFIzpzfK7U6BXK4rXyebcvDsDXSfeguTIApVOdtLqhjxWECCXzJim50bYTphGwSWMM63YQMT4kPWhaWnAFJh2MrtwTC+s0qW9UNsKkM7UvxMJU8aMlG87FcOBWfWm4n9eM8ZeqZ2IIIoRAj7/qBdLiiGdxkW7QgNHObKEcS3srpQPmGYcbagZG4K3evI6qRXynpv3Hoq5cnERR5qckXNySTxyTcrknlRIlXDyQt7IB/l0Xp1358uZzFtTzmLmlCzB+fkFXi6kMw==</latexit><latexit sha1_base64="YVyG285cgNjwgRK17z/foXA3S2E=">AAACIXicbVDLSgNBEJyNrxhfUY9eBoPgxbAbAuYiBPTgMYJ5QBLC7KSTDJnZXWZ6xbDkV7z4K148KJKb+DNOHgeTWNBQU9XNdJcfSWHQdb+d1Mbm1vZOejezt39weJQ9PqmZMNYcqjyUoW74zIAUAVRRoIRGpIEpX0LdH95O/foTaCPC4BFHEbQV6weiJzhDK3WypdYdSGS0hfCMWiUoFIzpzfK7U6BXK4rXyebcvDsDXSfeguTIApVOdtLqhjxWECCXzJim50bYTphGwSWMM63YQMT4kPWhaWnAFJh2MrtwTC+s0qW9UNsKkM7UvxMJU8aMlG87FcOBWfWm4n9eM8ZeqZ2IIIoRAj7/qBdLiiGdxkW7QgNHObKEcS3srpQPmGYcbagZG4K3evI6qRXynpv3Hoq5cnERR5qckXNySTxyTcrknlRIlXDyQt7IB/l0Xp1358uZzFtTzmLmlCzB+fkFXi6kMw==</latexit>

Hash = [pitch1 : pitch2 : �time]
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The “Shazam” Algorithm
§ Industry-strength Algorithm for Music Identification from 

Audio, scales well to Millions of Audio Files
§ Invariant to

– noise
– most distortions

§ Not Invariant to
– tempo variations
– transpositions
– different instrumentations
– …

à The Shazam Algorithm can only detect exact 
duplicates (regarding the musical content)

[Wang: ISMIR 2003]



Generalized Fingerprinting

§ Apply Fingerprinting to
– audio representations and
– symbolic representations

§ Add Invariances
– to transpositions
– to tempo
– to instrumentation (given a good-enough transcription 

algorithm exists)
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Generalized Fingerprinting

e1
<latexit sha1_base64="pF4n535j3rYS47Um9BquSSpQa8c=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSRS0GPBi8cK9gOaUDbbSbt0dxN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZelApu0PO+ndLG5tb2Tnm3srd/cHhUPT7pmCTTDNosEYnuRdSA4ArayFFAL9VAZSSgG01u5373EbThiXrAaQqhpCPFY84oWikIEJ5QyxxmA39QrXl1bwF3nfgFqZECrUH1KxgmLJOgkAlqTN/3UgxzqpEzAbNKkBlIKZvQEfQtVVSCCfPFzTP3wipDN060LYXuQv09kVNpzFRGtlNSHJtVby7+5/UzjG/CnKs0Q1BsuSjOhIuJOw/AHXINDMXUEso0t7e6bEw1ZWhjqtgQ/NWX10nnqu57df++UWs2ijjK5Iyck0vik2vSJHekRdqEkZQ8k1fy5mTOi/PufCxbS04xc0r+wPn8AVZOkdE=</latexit><latexit sha1_base64="pF4n535j3rYS47Um9BquSSpQa8c=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSRS0GPBi8cK9gOaUDbbSbt0dxN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZelApu0PO+ndLG5tb2Tnm3srd/cHhUPT7pmCTTDNosEYnuRdSA4ArayFFAL9VAZSSgG01u5373EbThiXrAaQqhpCPFY84oWikIEJ5QyxxmA39QrXl1bwF3nfgFqZECrUH1KxgmLJOgkAlqTN/3UgxzqpEzAbNKkBlIKZvQEfQtVVSCCfPFzTP3wipDN060LYXuQv09kVNpzFRGtlNSHJtVby7+5/UzjG/CnKs0Q1BsuSjOhIuJOw/AHXINDMXUEso0t7e6bEw1ZWhjqtgQ/NWX10nnqu57df++UWs2ijjK5Iyck0vik2vSJHekRdqEkZQ8k1fy5mTOi/PufCxbS04xc0r+wPn8AVZOkdE=</latexit><latexit sha1_base64="pF4n535j3rYS47Um9BquSSpQa8c=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSRS0GPBi8cK9gOaUDbbSbt0dxN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZelApu0PO+ndLG5tb2Tnm3srd/cHhUPT7pmCTTDNosEYnuRdSA4ArayFFAL9VAZSSgG01u5373EbThiXrAaQqhpCPFY84oWikIEJ5QyxxmA39QrXl1bwF3nfgFqZECrUH1KxgmLJOgkAlqTN/3UgxzqpEzAbNKkBlIKZvQEfQtVVSCCfPFzTP3wipDN060LYXuQv09kVNpzFRGtlNSHJtVby7+5/UzjG/CnKs0Q1BsuSjOhIuJOw/AHXINDMXUEso0t7e6bEw1ZWhjqtgQ/NWX10nnqu57df++UWs2ijjK5Iyck0vik2vSJHekRdqEkZQ8k1fy5mTOi/PufCxbS04xc0r+wPn8AVZOkdE=</latexit><latexit sha1_base64="pF4n535j3rYS47Um9BquSSpQa8c=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSRS0GPBi8cK9gOaUDbbSbt0dxN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZelApu0PO+ndLG5tb2Tnm3srd/cHhUPT7pmCTTDNosEYnuRdSA4ArayFFAL9VAZSSgG01u5373EbThiXrAaQqhpCPFY84oWikIEJ5QyxxmA39QrXl1bwF3nfgFqZECrUH1KxgmLJOgkAlqTN/3UgxzqpEzAbNKkBlIKZvQEfQtVVSCCfPFzTP3wipDN060LYXuQv09kVNpzFRGtlNSHJtVby7+5/UzjG/CnKs0Q1BsuSjOhIuJOw/AHXINDMXUEso0t7e6bEw1ZWhjqtgQ/NWX10nnqu57df++UWs2ijjK5Iyck0vik2vSJHekRdqEkZQ8k1fy5mTOi/PufCxbS04xc0r+wPn8AVZOkdE=</latexit>

e2
<latexit sha1_base64="AGNCT3dtHPz2GWmzsVocbdPaVtI=">AAAB83icbVBNS8NAEN34WetX1aOXYBE8laQU9Fjw4rGC/YAmlM120i7d3YTdiVhC/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXpYIb9LxvZ2Nza3tnt7RX3j84PDqunJx2TJJpBm2WiET3ImpAcAVt5Cigl2qgMhLQjSa3c7/7CNrwRD3gNIVQ0pHiMWcUrRQECE+oZQ6zQX1QqXo1bwF3nfgFqZICrUHlKxgmLJOgkAlqTN/3UgxzqpEzAbNykBlIKZvQEfQtVVSCCfPFzTP30ipDN060LYXuQv09kVNpzFRGtlNSHJtVby7+5/UzjG/CnKs0Q1BsuSjOhIuJOw/AHXINDMXUEso0t7e6bEw1ZWhjKtsQ/NWX10mnXvO9mn/fqDYbRRwlck4uyBXxyTVpkjvSIm3CSEqeySt5czLnxXl3PpatG04xc0b+wPn8AVfSkdI=</latexit><latexit sha1_base64="AGNCT3dtHPz2GWmzsVocbdPaVtI=">AAAB83icbVBNS8NAEN34WetX1aOXYBE8laQU9Fjw4rGC/YAmlM120i7d3YTdiVhC/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXpYIb9LxvZ2Nza3tnt7RX3j84PDqunJx2TJJpBm2WiET3ImpAcAVt5Cigl2qgMhLQjSa3c7/7CNrwRD3gNIVQ0pHiMWcUrRQECE+oZQ6zQX1QqXo1bwF3nfgFqZICrUHlKxgmLJOgkAlqTN/3UgxzqpEzAbNykBlIKZvQEfQtVVSCCfPFzTP30ipDN060LYXuQv09kVNpzFRGtlNSHJtVby7+5/UzjG/CnKs0Q1BsuSjOhIuJOw/AHXINDMXUEso0t7e6bEw1ZWhjKtsQ/NWX10mnXvO9mn/fqDYbRRwlck4uyBXxyTVpkjvSIm3CSEqeySt5czLnxXl3PpatG04xc0b+wPn8AVfSkdI=</latexit><latexit sha1_base64="AGNCT3dtHPz2GWmzsVocbdPaVtI=">AAAB83icbVBNS8NAEN34WetX1aOXYBE8laQU9Fjw4rGC/YAmlM120i7d3YTdiVhC/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXpYIb9LxvZ2Nza3tnt7RX3j84PDqunJx2TJJpBm2WiET3ImpAcAVt5Cigl2qgMhLQjSa3c7/7CNrwRD3gNIVQ0pHiMWcUrRQECE+oZQ6zQX1QqXo1bwF3nfgFqZICrUHlKxgmLJOgkAlqTN/3UgxzqpEzAbNykBlIKZvQEfQtVVSCCfPFzTP30ipDN060LYXuQv09kVNpzFRGtlNSHJtVby7+5/UzjG/CnKs0Q1BsuSjOhIuJOw/AHXINDMXUEso0t7e6bEw1ZWhjKtsQ/NWX10mnXvO9mn/fqDYbRRwlck4uyBXxyTVpkjvSIm3CSEqeySt5czLnxXl3PpatG04xc0b+wPn8AVfSkdI=</latexit><latexit sha1_base64="AGNCT3dtHPz2GWmzsVocbdPaVtI=">AAAB83icbVBNS8NAEN34WetX1aOXYBE8laQU9Fjw4rGC/YAmlM120i7d3YTdiVhC/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXpYIb9LxvZ2Nza3tnt7RX3j84PDqunJx2TJJpBm2WiET3ImpAcAVt5Cigl2qgMhLQjSa3c7/7CNrwRD3gNIVQ0pHiMWcUrRQECE+oZQ6zQX1QqXo1bwF3nfgFqZICrUHlKxgmLJOgkAlqTN/3UgxzqpEzAbNykBlIKZvQEfQtVVSCCfPFzTP30ipDN060LYXuQv09kVNpzFRGtlNSHJtVby7+5/UzjG/CnKs0Q1BsuSjOhIuJOw/AHXINDMXUEso0t7e6bEw1ZWhjKtsQ/NWX10mnXvO9mn/fqDYbRRwlck4uyBXxyTVpkjvSIm3CSEqeySt5czLnxXl3PpatG04xc0b+wPn8AVfSkdI=</latexit>

e3
<latexit sha1_base64="j/Yil5Ts3+xNKPj67P5QPY4LzMg=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4KokW9Fjw4rGC/YAmlM120i7dTcLuRCyhf8OLB0W8+me8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMgRQwtFCihm2pgKpTQCce3M7/zCNqIJH7ASQqBYsNYRIIztJLvIzyhVjlM+1f9StWtuXPQVeIVpEoKNPuVL3+Q8ExBjFwyY3qem2KQM42CS5iW/cxAyviYDaFnacwUmCCf3zyl51YZ0CjRtmKkc/X3RM6UMRMV2k7FcGSWvZn4n9fLMLoJchGnGULMF4uiTFJM6CwAOhAaOMqJJYxrYW+lfMQ042hjKtsQvOWXV0n7sua5Ne++Xm3UizhK5JSckQvikWvSIHekSVqEk5Q8k1fy5mTOi/PufCxa15xi5oT8gfP5A1lWkdM=</latexit><latexit sha1_base64="j/Yil5Ts3+xNKPj67P5QPY4LzMg=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4KokW9Fjw4rGC/YAmlM120i7dTcLuRCyhf8OLB0W8+me8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMgRQwtFCihm2pgKpTQCce3M7/zCNqIJH7ASQqBYsNYRIIztJLvIzyhVjlM+1f9StWtuXPQVeIVpEoKNPuVL3+Q8ExBjFwyY3qem2KQM42CS5iW/cxAyviYDaFnacwUmCCf3zyl51YZ0CjRtmKkc/X3RM6UMRMV2k7FcGSWvZn4n9fLMLoJchGnGULMF4uiTFJM6CwAOhAaOMqJJYxrYW+lfMQ042hjKtsQvOWXV0n7sua5Ne++Xm3UizhK5JSckQvikWvSIHekSVqEk5Q8k1fy5mTOi/PufCxa15xi5oT8gfP5A1lWkdM=</latexit><latexit sha1_base64="j/Yil5Ts3+xNKPj67P5QPY4LzMg=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4KokW9Fjw4rGC/YAmlM120i7dTcLuRCyhf8OLB0W8+me8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMgRQwtFCihm2pgKpTQCce3M7/zCNqIJH7ASQqBYsNYRIIztJLvIzyhVjlM+1f9StWtuXPQVeIVpEoKNPuVL3+Q8ExBjFwyY3qem2KQM42CS5iW/cxAyviYDaFnacwUmCCf3zyl51YZ0CjRtmKkc/X3RM6UMRMV2k7FcGSWvZn4n9fLMLoJchGnGULMF4uiTFJM6CwAOhAaOMqJJYxrYW+lfMQ042hjKtsQvOWXV0n7sua5Ne++Xm3UizhK5JSckQvikWvSIHekSVqEk5Q8k1fy5mTOi/PufCxa15xi5oT8gfP5A1lWkdM=</latexit><latexit sha1_base64="j/Yil5Ts3+xNKPj67P5QPY4LzMg=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4KokW9Fjw4rGC/YAmlM120i7dTcLuRCyhf8OLB0W8+me8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMgRQwtFCihm2pgKpTQCce3M7/zCNqIJH7ASQqBYsNYRIIztJLvIzyhVjlM+1f9StWtuXPQVeIVpEoKNPuVL3+Q8ExBjFwyY3qem2KQM42CS5iW/cxAyviYDaFnacwUmCCf3zyl51YZ0CjRtmKkc/X3RM6UMRMV2k7FcGSWvZn4n9fLMLoJchGnGULMF4uiTFJM6CwAOhAaOMqJJYxrYW+lfMQ042hjKtsQvOWXV0n7sua5Ne++Xm3UizhK5JSckQvikWvSIHekSVqEk5Q8k1fy5mTOi/PufCxa15xi5oT8gfP5A1lWkdM=</latexit>

�p1,2
<latexit sha1_base64="hEuuVRljdzIuSLAeiy3ZhfAMdlE=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIRwFwQtA1pYRjAfkAthbzNJlux9sDsnhuMa/4qNhSK2/gw7/42b5ApNfDDweG+GmXl+LIVGx/m2VlbX1jc2C1vF7Z3dvX374LCpo0RxaPBIRqrtMw1ShNBAgRLasQIW+BJa/vh66rceQGkRhfc4iaEbsGEoBoIzNFLPPvZuQCKjHsIjqiCNs17qlqtZzy45FWcGukzcnJRIjnrP/vL6EU8CCJFLpnXHdWLspkyh4BKyopdoiBkfsyF0DA1ZALqbzh7I6JlR+nQQKVMh0pn6eyJlgdaTwDedAcORXvSm4n9eJ8HBVTcVYZwghHy+aJBIihGdpkH7QgFHOTGEcSXMrZSPmGIcTWZFE4K7+PIyaVYrrlNx7y5KtXIeR4GckFNyTlxySWrkltRJg3CSkWfySt6sJ+vFerc+5q0rVj5zRP7A+vwBYhaWLw==</latexit><latexit sha1_base64="hEuuVRljdzIuSLAeiy3ZhfAMdlE=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIRwFwQtA1pYRjAfkAthbzNJlux9sDsnhuMa/4qNhSK2/gw7/42b5ApNfDDweG+GmXl+LIVGx/m2VlbX1jc2C1vF7Z3dvX374LCpo0RxaPBIRqrtMw1ShNBAgRLasQIW+BJa/vh66rceQGkRhfc4iaEbsGEoBoIzNFLPPvZuQCKjHsIjqiCNs17qlqtZzy45FWcGukzcnJRIjnrP/vL6EU8CCJFLpnXHdWLspkyh4BKyopdoiBkfsyF0DA1ZALqbzh7I6JlR+nQQKVMh0pn6eyJlgdaTwDedAcORXvSm4n9eJ8HBVTcVYZwghHy+aJBIihGdpkH7QgFHOTGEcSXMrZSPmGIcTWZFE4K7+PIyaVYrrlNx7y5KtXIeR4GckFNyTlxySWrkltRJg3CSkWfySt6sJ+vFerc+5q0rVj5zRP7A+vwBYhaWLw==</latexit><latexit sha1_base64="hEuuVRljdzIuSLAeiy3ZhfAMdlE=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIRwFwQtA1pYRjAfkAthbzNJlux9sDsnhuMa/4qNhSK2/gw7/42b5ApNfDDweG+GmXl+LIVGx/m2VlbX1jc2C1vF7Z3dvX374LCpo0RxaPBIRqrtMw1ShNBAgRLasQIW+BJa/vh66rceQGkRhfc4iaEbsGEoBoIzNFLPPvZuQCKjHsIjqiCNs17qlqtZzy45FWcGukzcnJRIjnrP/vL6EU8CCJFLpnXHdWLspkyh4BKyopdoiBkfsyF0DA1ZALqbzh7I6JlR+nQQKVMh0pn6eyJlgdaTwDedAcORXvSm4n9eJ8HBVTcVYZwghHy+aJBIihGdpkH7QgFHOTGEcSXMrZSPmGIcTWZFE4K7+PIyaVYrrlNx7y5KtXIeR4GckFNyTlxySWrkltRJg3CSkWfySt6sJ+vFerc+5q0rVj5zRP7A+vwBYhaWLw==</latexit><latexit sha1_base64="hEuuVRljdzIuSLAeiy3ZhfAMdlE=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIRwFwQtA1pYRjAfkAthbzNJlux9sDsnhuMa/4qNhSK2/gw7/42b5ApNfDDweG+GmXl+LIVGx/m2VlbX1jc2C1vF7Z3dvX374LCpo0RxaPBIRqrtMw1ShNBAgRLasQIW+BJa/vh66rceQGkRhfc4iaEbsGEoBoIzNFLPPvZuQCKjHsIjqiCNs17qlqtZzy45FWcGukzcnJRIjnrP/vL6EU8CCJFLpnXHdWLspkyh4BKyopdoiBkfsyF0DA1ZALqbzh7I6JlR+nQQKVMh0pn6eyJlgdaTwDedAcORXvSm4n9eJ8HBVTcVYZwghHy+aJBIihGdpkH7QgFHOTGEcSXMrZSPmGIcTWZFE4K7+PIyaVYrrlNx7y5KtXIeR4GckFNyTlxySWrkltRJg3CSkWfySt6sJ+vFerc+5q0rVj5zRP7A+vwBYhaWLw==</latexit>

�p2,3
<latexit sha1_base64="ttBhtOIPCgFige3h2wSlfAUFROA=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41B8BDCTBT0GNCDxwhmgcwQejqVpEnPQneNGIa5+CtePCji1c/w5t/YWQ6a+KDg8V4VVfX8WAqNtv1t5VZW19Y38puFre2d3b3i/kFTR4ni0OCRjFTbZxqkCKGBAiW0YwUs8CW0/NH1xG89gNIiCu9xHIMXsEEo+oIzNFK3eOTegERGXYRHVEEaZ920Wj7PusWSXbGnoMvEmZMSmaPeLX65vYgnAYTIJdO649gxeilTKLiErOAmGmLGR2wAHUNDFoD20ukDGT01So/2I2UqRDpVf0+kLNB6HPimM2A41IveRPzP6yTYv/JSEcYJQshni/qJpBjRSRq0JxRwlGNDGFfC3Er5kCnG0WRWMCE4iy8vk2a14tgV5+6iVCvP48iTY3JCzohDLkmN3JI6aRBOMvJMXsmb9WS9WO/Wx6w1Z81nDskfWJ8/ZSKWMQ==</latexit><latexit sha1_base64="ttBhtOIPCgFige3h2wSlfAUFROA=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41B8BDCTBT0GNCDxwhmgcwQejqVpEnPQneNGIa5+CtePCji1c/w5t/YWQ6a+KDg8V4VVfX8WAqNtv1t5VZW19Y38puFre2d3b3i/kFTR4ni0OCRjFTbZxqkCKGBAiW0YwUs8CW0/NH1xG89gNIiCu9xHIMXsEEo+oIzNFK3eOTegERGXYRHVEEaZ920Wj7PusWSXbGnoMvEmZMSmaPeLX65vYgnAYTIJdO649gxeilTKLiErOAmGmLGR2wAHUNDFoD20ukDGT01So/2I2UqRDpVf0+kLNB6HPimM2A41IveRPzP6yTYv/JSEcYJQshni/qJpBjRSRq0JxRwlGNDGFfC3Er5kCnG0WRWMCE4iy8vk2a14tgV5+6iVCvP48iTY3JCzohDLkmN3JI6aRBOMvJMXsmb9WS9WO/Wx6w1Z81nDskfWJ8/ZSKWMQ==</latexit><latexit sha1_base64="ttBhtOIPCgFige3h2wSlfAUFROA=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41B8BDCTBT0GNCDxwhmgcwQejqVpEnPQneNGIa5+CtePCji1c/w5t/YWQ6a+KDg8V4VVfX8WAqNtv1t5VZW19Y38puFre2d3b3i/kFTR4ni0OCRjFTbZxqkCKGBAiW0YwUs8CW0/NH1xG89gNIiCu9xHIMXsEEo+oIzNFK3eOTegERGXYRHVEEaZ920Wj7PusWSXbGnoMvEmZMSmaPeLX65vYgnAYTIJdO649gxeilTKLiErOAmGmLGR2wAHUNDFoD20ukDGT01So/2I2UqRDpVf0+kLNB6HPimM2A41IveRPzP6yTYv/JSEcYJQshni/qJpBjRSRq0JxRwlGNDGFfC3Er5kCnG0WRWMCE4iy8vk2a14tgV5+6iVCvP48iTY3JCzohDLkmN3JI6aRBOMvJMXsmb9WS9WO/Wx6w1Z81nDskfWJ8/ZSKWMQ==</latexit><latexit sha1_base64="ttBhtOIPCgFige3h2wSlfAUFROA=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41B8BDCTBT0GNCDxwhmgcwQejqVpEnPQneNGIa5+CtePCji1c/w5t/YWQ6a+KDg8V4VVfX8WAqNtv1t5VZW19Y38puFre2d3b3i/kFTR4ni0OCRjFTbZxqkCKGBAiW0YwUs8CW0/NH1xG89gNIiCu9xHIMXsEEo+oIzNFK3eOTegERGXYRHVEEaZ920Wj7PusWSXbGnoMvEmZMSmaPeLX65vYgnAYTIJdO649gxeilTKLiErOAmGmLGR2wAHUNDFoD20ukDGT01So/2I2UqRDpVf0+kLNB6HPimM2A41IveRPzP6yTYv/JSEcYJQshni/qJpBjRSRq0JxRwlGNDGFfC3Er5kCnG0WRWMCE4iy8vk2a14tgV5+6iVCvP48iTY3JCzohDLkmN3JI6aRBOMvJMXsmb9WS9WO/Wx6w1Z81nDskfWJ8/ZSKWMQ==</latexit>

�t2,3
<latexit sha1_base64="dx7x/Qvw8O83N5iDn9+XClsGpCo=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41B8BDCTBT0GNCDxwhmgcwQejqVpEnPQneNGIa5+CtePCji1c/w5t/YWQ6a+KDg8V4VVfX8WAqNtv1t5VZW19Y38puFre2d3b3i/kFTR4ni0OCRjFTbZxqkCKGBAiW0YwUs8CW0/NH1xG89gNIiCu9xHIMXsEEo+oIzNFK3eOTegERGXYRHVEGKWTetls+zbrFkV+wp6DJx5qRE5qh3i19uL+JJACFyybTuOHaMXsoUCi4hK7iJhpjxERtAx9CQBaC9dPpARk+N0qP9SJkKkU7V3xMpC7QeB77pDBgO9aI3Ef/zOgn2r7xUhHGCEPLZon4iKUZ0kgbtCQUc5dgQxpUwt1I+ZIpxNJkVTAjO4svLpFmtOHbFubso1crzOPLkmJyQM+KQS1Ijt6ROGoSTjDyTV/JmPVkv1rv1MWvNWfOZQ/IH1ucPa06WNQ==</latexit><latexit sha1_base64="dx7x/Qvw8O83N5iDn9+XClsGpCo=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41B8BDCTBT0GNCDxwhmgcwQejqVpEnPQneNGIa5+CtePCji1c/w5t/YWQ6a+KDg8V4VVfX8WAqNtv1t5VZW19Y38puFre2d3b3i/kFTR4ni0OCRjFTbZxqkCKGBAiW0YwUs8CW0/NH1xG89gNIiCu9xHIMXsEEo+oIzNFK3eOTegERGXYRHVEGKWTetls+zbrFkV+wp6DJx5qRE5qh3i19uL+JJACFyybTuOHaMXsoUCi4hK7iJhpjxERtAx9CQBaC9dPpARk+N0qP9SJkKkU7V3xMpC7QeB77pDBgO9aI3Ef/zOgn2r7xUhHGCEPLZon4iKUZ0kgbtCQUc5dgQxpUwt1I+ZIpxNJkVTAjO4svLpFmtOHbFubso1crzOPLkmJyQM+KQS1Ijt6ROGoSTjDyTV/JmPVkv1rv1MWvNWfOZQ/IH1ucPa06WNQ==</latexit><latexit sha1_base64="dx7x/Qvw8O83N5iDn9+XClsGpCo=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41B8BDCTBT0GNCDxwhmgcwQejqVpEnPQneNGIa5+CtePCji1c/w5t/YWQ6a+KDg8V4VVfX8WAqNtv1t5VZW19Y38puFre2d3b3i/kFTR4ni0OCRjFTbZxqkCKGBAiW0YwUs8CW0/NH1xG89gNIiCu9xHIMXsEEo+oIzNFK3eOTegERGXYRHVEGKWTetls+zbrFkV+wp6DJx5qRE5qh3i19uL+JJACFyybTuOHaMXsoUCi4hK7iJhpjxERtAx9CQBaC9dPpARk+N0qP9SJkKkU7V3xMpC7QeB77pDBgO9aI3Ef/zOgn2r7xUhHGCEPLZon4iKUZ0kgbtCQUc5dgQxpUwt1I+ZIpxNJkVTAjO4svLpFmtOHbFubso1crzOPLkmJyQM+KQS1Ijt6ROGoSTjDyTV/JmPVkv1rv1MWvNWfOZQ/IH1ucPa06WNQ==</latexit><latexit sha1_base64="dx7x/Qvw8O83N5iDn9+XClsGpCo=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41B8BDCTBT0GNCDxwhmgcwQejqVpEnPQneNGIa5+CtePCji1c/w5t/YWQ6a+KDg8V4VVfX8WAqNtv1t5VZW19Y38puFre2d3b3i/kFTR4ni0OCRjFTbZxqkCKGBAiW0YwUs8CW0/NH1xG89gNIiCu9xHIMXsEEo+oIzNFK3eOTegERGXYRHVEGKWTetls+zbrFkV+wp6DJx5qRE5qh3i19uL+JJACFyybTuOHaMXsoUCi4hK7iJhpjxERtAx9CQBaC9dPpARk+N0qP9SJkKkU7V3xMpC7QeB77pDBgO9aI3Ef/zOgn2r7xUhHGCEPLZon4iKUZ0kgbtCQUc5dgQxpUwt1I+ZIpxNJkVTAjO4svLpFmtOHbFubso1crzOPLkmJyQM+KQS1Ijt6ROGoSTjDyTV/JmPVkv1rv1MWvNWfOZQ/IH1ucPa06WNQ==</latexit>

�t1,2
<latexit sha1_base64="ZJo078KChwp9R5SgJtSzS9hUhwM=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIRwFwQtA1pYRjAfkAthbzNJlux9sDsnhuMa/4qNhSK2/gw7/42b5ApNfDDweG+GmXl+LIVGx/m2VlbX1jc2C1vF7Z3dvX374LCpo0RxaPBIRqrtMw1ShNBAgRLasQIW+BJa/vh66rceQGkRhfc4iaEbsGEoBoIzNFLPPvZuQCKjHsIjqiDFrJe65WrWs0tOxZmBLhM3JyWSo96zv7x+xJMAQuSSad1xnRi7KVMouISs6CUaYsbHbAgdQ0MWgO6mswcyemaUPh1EylSIdKb+nkhZoPUk8E1nwHCkF72p+J/XSXBw1U1FGCcIIZ8vGiSSYkSnadC+UMBRTgxhXAlzK+UjphhHk1nRhOAuvrxMmtWK61Tcu4tSrZzHUSAn5JScE5dckhq5JXXSIJxk5Jm8kjfryXqx3q2PeeuKlc8ckT+wPn8AaEKWMw==</latexit><latexit sha1_base64="ZJo078KChwp9R5SgJtSzS9hUhwM=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIRwFwQtA1pYRjAfkAthbzNJlux9sDsnhuMa/4qNhSK2/gw7/42b5ApNfDDweG+GmXl+LIVGx/m2VlbX1jc2C1vF7Z3dvX374LCpo0RxaPBIRqrtMw1ShNBAgRLasQIW+BJa/vh66rceQGkRhfc4iaEbsGEoBoIzNFLPPvZuQCKjHsIjqiDFrJe65WrWs0tOxZmBLhM3JyWSo96zv7x+xJMAQuSSad1xnRi7KVMouISs6CUaYsbHbAgdQ0MWgO6mswcyemaUPh1EylSIdKb+nkhZoPUk8E1nwHCkF72p+J/XSXBw1U1FGCcIIZ8vGiSSYkSnadC+UMBRTgxhXAlzK+UjphhHk1nRhOAuvrxMmtWK61Tcu4tSrZzHUSAn5JScE5dckhq5JXXSIJxk5Jm8kjfryXqx3q2PeeuKlc8ckT+wPn8AaEKWMw==</latexit><latexit sha1_base64="ZJo078KChwp9R5SgJtSzS9hUhwM=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIRwFwQtA1pYRjAfkAthbzNJlux9sDsnhuMa/4qNhSK2/gw7/42b5ApNfDDweG+GmXl+LIVGx/m2VlbX1jc2C1vF7Z3dvX374LCpo0RxaPBIRqrtMw1ShNBAgRLasQIW+BJa/vh66rceQGkRhfc4iaEbsGEoBoIzNFLPPvZuQCKjHsIjqiDFrJe65WrWs0tOxZmBLhM3JyWSo96zv7x+xJMAQuSSad1xnRi7KVMouISs6CUaYsbHbAgdQ0MWgO6mswcyemaUPh1EylSIdKb+nkhZoPUk8E1nwHCkF72p+J/XSXBw1U1FGCcIIZ8vGiSSYkSnadC+UMBRTgxhXAlzK+UjphhHk1nRhOAuvrxMmtWK61Tcu4tSrZzHUSAn5JScE5dckhq5JXXSIJxk5Jm8kjfryXqx3q2PeeuKlc8ckT+wPn8AaEKWMw==</latexit><latexit sha1_base64="ZJo078KChwp9R5SgJtSzS9hUhwM=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIRwFwQtA1pYRjAfkAthbzNJlux9sDsnhuMa/4qNhSK2/gw7/42b5ApNfDDweG+GmXl+LIVGx/m2VlbX1jc2C1vF7Z3dvX374LCpo0RxaPBIRqrtMw1ShNBAgRLasQIW+BJa/vh66rceQGkRhfc4iaEbsGEoBoIzNFLPPvZuQCKjHsIjqiDFrJe65WrWs0tOxZmBLhM3JyWSo96zv7x+xJMAQuSSad1xnRi7KVMouISs6CUaYsbHbAgdQ0MWgO6mswcyemaUPh1EylSIdKb+nkhZoPUk8E1nwHCkF72p+J/XSXBw1U1FGCcIIZ8vGiSSYkSnadC+UMBRTgxhXAlzK+UjphhHk1nRhOAuvrxMmtWK61Tcu4tSrZzHUSAn5JScE5dckhq5JXXSIJxk5Jm8kjfryXqx3q2PeeuKlc8ckT+wPn8AaEKWMw==</latexit>

Hash = [�p1,2 : �p2,3 : ⌧ ]
<latexit sha1_base64="t3qQrU/Ob818Q0ElGwjZ3fDAcuQ=">AAACMXicbVDJSgNBEO1xN25Rj14ag+BBwkwUFEEQ9JCjglkgGUJNp2Iaexa6a8QwzC958U/EiwdFvPoTdmIElzwoeLxXRVW9IFHSkOs+O1PTM7Nz8wuLhaXlldW14vpG3cSpFlgTsYp1MwCDSkZYI0kKm4lGCAOFjeDmbOg3blEbGUdXNEjQD+E6kj0pgKzUKVbbhHekw6wKpp/zE95qn6Mi4N96kncyb6+SH/MJRmVvf2gQpH6nWHLL7gj8P/HGpMTGuOgUH9vdWKQhRiQUGNPy3IT8DDRJoTAvtFODCYgbuMaWpRGEaPxs9HHOd6zS5b1Y24qIj9SfExmExgzCwHaGQH3z1xuKk7xWSr0jP5NRkhJG4mtRL1WcYj6Mj3elRkFqYAkILe2tXPRBgyAbcsGG4P19+T+pV8qeW/YuD0qnB+M4FtgW22a7zGOH7JRV2QWrMcHu2RN7Ya/Og/PsvDnvX61Tznhmk/2C8/EJzsip4g==</latexit><latexit sha1_base64="t3qQrU/Ob818Q0ElGwjZ3fDAcuQ=">AAACMXicbVDJSgNBEO1xN25Rj14ag+BBwkwUFEEQ9JCjglkgGUJNp2Iaexa6a8QwzC958U/EiwdFvPoTdmIElzwoeLxXRVW9IFHSkOs+O1PTM7Nz8wuLhaXlldW14vpG3cSpFlgTsYp1MwCDSkZYI0kKm4lGCAOFjeDmbOg3blEbGUdXNEjQD+E6kj0pgKzUKVbbhHekw6wKpp/zE95qn6Mi4N96kncyb6+SH/MJRmVvf2gQpH6nWHLL7gj8P/HGpMTGuOgUH9vdWKQhRiQUGNPy3IT8DDRJoTAvtFODCYgbuMaWpRGEaPxs9HHOd6zS5b1Y24qIj9SfExmExgzCwHaGQH3z1xuKk7xWSr0jP5NRkhJG4mtRL1WcYj6Mj3elRkFqYAkILe2tXPRBgyAbcsGG4P19+T+pV8qeW/YuD0qnB+M4FtgW22a7zGOH7JRV2QWrMcHu2RN7Ya/Og/PsvDnvX61Tznhmk/2C8/EJzsip4g==</latexit><latexit sha1_base64="t3qQrU/Ob818Q0ElGwjZ3fDAcuQ=">AAACMXicbVDJSgNBEO1xN25Rj14ag+BBwkwUFEEQ9JCjglkgGUJNp2Iaexa6a8QwzC958U/EiwdFvPoTdmIElzwoeLxXRVW9IFHSkOs+O1PTM7Nz8wuLhaXlldW14vpG3cSpFlgTsYp1MwCDSkZYI0kKm4lGCAOFjeDmbOg3blEbGUdXNEjQD+E6kj0pgKzUKVbbhHekw6wKpp/zE95qn6Mi4N96kncyb6+SH/MJRmVvf2gQpH6nWHLL7gj8P/HGpMTGuOgUH9vdWKQhRiQUGNPy3IT8DDRJoTAvtFODCYgbuMaWpRGEaPxs9HHOd6zS5b1Y24qIj9SfExmExgzCwHaGQH3z1xuKk7xWSr0jP5NRkhJG4mtRL1WcYj6Mj3elRkFqYAkILe2tXPRBgyAbcsGG4P19+T+pV8qeW/YuD0qnB+M4FtgW22a7zGOH7JRV2QWrMcHu2RN7Ya/Og/PsvDnvX61Tznhmk/2C8/EJzsip4g==</latexit><latexit sha1_base64="t3qQrU/Ob818Q0ElGwjZ3fDAcuQ=">AAACMXicbVDJSgNBEO1xN25Rj14ag+BBwkwUFEEQ9JCjglkgGUJNp2Iaexa6a8QwzC958U/EiwdFvPoTdmIElzwoeLxXRVW9IFHSkOs+O1PTM7Nz8wuLhaXlldW14vpG3cSpFlgTsYp1MwCDSkZYI0kKm4lGCAOFjeDmbOg3blEbGUdXNEjQD+E6kj0pgKzUKVbbhHekw6wKpp/zE95qn6Mi4N96kncyb6+SH/MJRmVvf2gQpH6nWHLL7gj8P/HGpMTGuOgUH9vdWKQhRiQUGNPy3IT8DDRJoTAvtFODCYgbuMaWpRGEaPxs9HHOd6zS5b1Y24qIj9SfExmExgzCwHaGQH3z1xuKk7xWSr0jP5NRkhJG4mtRL1WcYj6Mj3elRkFqYAkILe2tXPRBgyAbcsGG4P19+T+pV8qeW/YuD0qnB+M4FtgW22a7zGOH7JRV2QWrMcHu2RN7Ya/Og/PsvDnvX61Tznhmk/2C8/EJzsip4g==</latexit>

with ⌧ =
�t2,3
�t1,2

<latexit sha1_base64="jS2/qC3PSDOgiXaFXpUGNEJEyys="></latexit><latexit sha1_base64="jS2/qC3PSDOgiXaFXpUGNEJEyys="></latexit><latexit sha1_base64="jS2/qC3PSDOgiXaFXpUGNEJEyys="></latexit><latexit sha1_base64="jS2/qC3PSDOgiXaFXpUGNEJEyys="></latexit>

[Arzt, Widmer, Sonnleitner: ISMIR 2015]



Generalized Fingerprinting
§ Relative Representations lead to Tempo- and 

Transposition-Invariance
§ Number of Events per Fingerprint-Token: Trade-off 

between Discriminative Power and Robustness
– e.g. Quad-based Fingerprinting [Sonnleitner, Widmer: TASLP 

2016]

§ Can be used to identify different Performances of the 
same Piece (“Cover Versions”)

§ … and to identify the (symbolic) Score a Performance is 
based on!



Fast Performance-to-Score Matching
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Figure 5.5: a) scatter plot of matching tokens and b) computed histogram for
diagonal identification

method described below is again very much inspired by the audio
fingerprinting method proposed in [138].

The general idea is to find regions in the score fingerprint database
which share a continuous sequence of tokens with the query. To
do so first all the score tokens which match the query tokens are
extracted from the database. When plotted as a scatter plot against
their respective time stamps (see Figure 5.5a) matches will be indicated
by (rough) diagonals (i.e., these indicate that the query tokens match
the score tokens over a period of time). As identifying these diagonals
directly would be computationally expensive, we instead use a simpler
method described in [138]. This is based on histograms (one for each
piece in the score database, with a time resolution of one second) into
which the matched tokens are sorted in a way such that peaks appear
at the start points of these diagonals (i.e., the start point of a query, see
Figure 5.5b). This is achieved by computing the bin to sort the token
into as the difference between the time of the score token and time
of the query token. The complete process will be explained in more
detail below.

For each of the query tokens with [qpitch1 : qpitch2 : qpitch3 : qtdr] :
qtime : qtd1,2 the following process is repeated. First, matching tokens
are extracted from the score fingerprint database via the hash key.
To allow for local tempo differences we permit the normalized time
difference to be within 1

4 of qtdr. This normally results in a large
number of score tokens [spitch1 : spitch2 : spitch3 : stdr] : spieceID :
stime : std1,2. Unfortunately, directly sorting these tokens into bin



Demo: Fast Performance-to-Score Matching



Evaluation (Tempo-invariant Fingerprinting)
§ Database Size: more than 1,000,000 notes

– Mozart, Chopin, Beethoven, …

§ For queries with a length of 25 notes:
– 91% correct piece as top match
– 0.16 sec. mean execution time

§ For queries with length 50 notes (using shingling and 
other extensions):
– 98% correct piece as top match
– 0.49 sec. mean execution time

§ With additional transposition-invariance, length 50 notes:
– 92% correct piece as top match
– 3.21 sec. mean execution time
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Flexible Music Tracking Re-visited


